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ABSTRACT: Dispersed multiphase systems are ubiquitous in biological systems, energy
industries, and medical science. The distribution transition of the dispersed phase is critical to
the properties and functions of the multiphase systems, among which the agglomeration,
adsorption, and extraction processes are of most significance due to their impact on the
colloidal stability, interface modification, and particle synthesis. To reveal fundamental
correlations between the macroscopic particle distributions and the microscopic interactions,
general thermodynamic models of the dispersed multiphase systems are needed. Here, based on
Meyer’s model, which is restricted to binary isotropic mixtures, we propose a novel extended
lattice model that can be applied to multicomponent anisotropic mixtures with interfaces
considered. For agglomeration, adsorption, and extraction processes, the approximate free
energy differences between the initial distribution and the final distribution are obtained. Based
on the minimum free energy principle, the above free energy differences are used to derive three
criteria for the prediction of the preferable distribution of the system with given interparticle
interaction potentials. While the quasi-uniform number density assumption is still required for
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all the previous lattice models, the long-range interactions neglected by previous lattice models are incorporated. The validity of our
model and criteria is verified by many-body dissipative particle dynamics (mDPD) simulations. By tuning the interaction coefficients
between mDPD particles, the simulated distribution transitions for all the agglomeration, adsorption, and extraction cases perfectly
match the predictions from the three criteria. The good agreement between the theoretical predictions and the mDPD simulation
results shows the great potential of our model for applications in various dispersed multiphase systems.

B INTRODUCTION

Dispersed multiphase systems are mixtures consisting of
immiscible phases with at least one component existing as a
discrete phase."”” These mixtures are ubiquitous in biological
systems, energy industries, and medical science.”™> The
distribution of the dispersed components in mixtures, such
as blood cells and platelets in human blood, nanoparticles in
nanofluids,’ and nanomicelles in nanoemulsions is influential
in the human’s cardiovascular system,” oil recovery
efficiency,” and dermatological treatment.'"” Among various
distributions of dispersed particles, agglomeration, adsorption,
and extraction at interfaces of immiscible fluids have garnered
increased interest among researchers.'' "> The stability of
nanofluids is the crucial premise for its various industrial
applications,'® which depends on the agglomeration propensity
of nanoparticles'”'® and could be affected by pH values of base
fluids," particle concentration,” and particle size.”! The
nanoparticle adsorption at liquid—liquid interfaces and solid
surfaces is a dominant mechanism to enhance the oil recovery
rate® and can be influenced by the shape, surface property, and
charge of nanoparticles.”” >° Besides, particle extraction
through the liquid—liquid interface, which is critical in
nanotechnologies like quantum dots and nanoparticles, has
also been intensively investigated.”* > Although plenty of
efforts have been devoted to the study of the three typical
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distributions in multiphase systems, most of the existing
theories and models are limited to specific systems,””*>*"~>*
resulting in the limitation of lacking universal applicability. A
general theory of dispersed multiphase system including
analysis for all three distributions is thus needed.

A dispersed multiphase system is essentially a thermody-
namic system consisting of interacting particles of different
types, based on which an adsorption theory that applies to
multiple binary mixtures including water-sulfuric acid, hydro-
gen-palladium, argon-graphite, etc., was proposed by Hill in
1949.%% Despite its ability to quantitatively describe the
thermodynamic properties of the system from experimental
data, this theory does not provide enough insight into the
relationship between microscopic interactions and macro-
scopic distributions of particles, which is critical for the design
82426 Theoretically, the macroscopic
equilibrium distribution of the dispersed particles can be

of novel nanomaterials.
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obtained by searching the minimum free energy point in the
phase space of the system when all of the interparticle
interactions are known. Nevertheless, due to the unstructured
nature of the mixture, it is impracticable to obtain the analytic
expression of the system’s free energy.

To uncover the underlying dominant rules in the dispersed
multiphase system through the facade of randomness,
approximate models are required. Lattice models were
proposed and extensively employed by previous researchers
to analytically investigate complex systems, such as the Ising
model predicting the phase transition of physical systems and
lattice gas cellular automata (LGCA) describing the emergent
behavior of fluid transport.”*~*® An idealized lattice model for
binary mixtures was first constructed by Meyer, assuming a
lattice structure in the liquid with lattice constants independent
of the composition,37 from which the entropy of mixing for
two different ideal liquids with the same number densities was
correctly derived.”® Further modified versions of Meyer’s
model, including regular solution theory and Flory—Huggins
theory, were proposed and succeeded in explaining phase
separation phenomena in nonideal solutions and polymer
mixtures.”’ ~*° However, all of the above lattice models are
confined to binary systems and thus are not applicable to
investigate phenomena in ternary mixtures, including the
interfacial adsorption and phase transfer process of particles.
Although the distribution transitions in both binary and
ternary systems are discussed by Israelachvili,*" there is no
strict theoretical basis for the derivation of the analytically
expressed energy differences between different distributions.

In the present work, under the quasi-uniform local number
density assumption made by both the Ising model and the
regular solution theory,” we extend the lattice model to
describe multicomponent systems in thermodynamic equili-
brium and propose a method to approximate the free energy of
the real system, whereby semiquantitative criteria of distribu-
tion transitions of the three phenomena discussed above are
expressed with interparticle potential parameters. To verify the
theory, constructing simulation systems corresponding to the
three distribution transitions is the most direct and effective
way. Many-body dissipative particle dynamics (mDPD), as a
mesoscale simulation method widely used in colloidal and
interfacial science,*'™* has several main advantages when
applied to study complex fluids and colloidal solutions, such as
its interparticle soft potential which significantly improves its
computational efficiency, and the truly meshfree particle-based
feature appropriate for simulating moving interfaces.*® This
method is employed to model binary and ternary mixtures for
verification of our model and distribution transition criteria.
The good agreement between the theoretical predictions and
the mDPD simulation results shows the great potential of our
model for applications in dispersed multiphase systems such as
innovative nanoparticle synthesis, colloid system character-
ization, and parameter control in particle-based simulations.

B MATERIALS AND METHODS

Extended Lattice Model: Approximate of the
Helmholtz Free Energy Difference. We first propose a
novel lattice model that can be applied to multiphase dispersed
systems with quasi-uniform local number densities. With the
assumed lattice structure, the approximate Helmholtz free
energy of the system is expressed as a function of the particle
distribution and interparticle interactions and used to calculate

the free energy difference between systems with different
distributions.

For a particle system composed of M types of particles and
with almost uniform local number densities, the widely used
lattice model can be employed, which assumes that each
particle occupies one lattice site without overlapping with a
hypothetical simple cubic lattice. While the lattice constant a
could be arbitrarily chosen in Meyer’s model, here it is
uniquely determined by the average number density n of the
particle system, satisfying

1

— =y

a’ (1)
which is analogous to the treatment of the cell model in colloid
science.””*® Since the lattice structure of the system is

assumed, the possible spacings between particles comprise a
discrete set and thus can be ordered. The ath closest spacing
between particles is denoted by r,. And for each particle, the
number of neighbors at a distance of r, from it is denoted by
¢, The particle pairs consisting of a type-i particle and a type-j
particle with spacing r, are called “i-j type ath closest” pairs,
and the interaction energy of such pairs is denoted by u). The
particle distribution is characterized by the set of numbers
representing the number of each type of pair, {Nj}. To
calculate the interaction energy of a certain distribution, our
model incorporates the interactions between all the particle
pairs in the system, instead of restricting the interparticle
interactions to nearest particle pairs as Meyer did. The total
interaction energy UP** can then be written as

o M i
. ) )
D IDIDN AL
a=1 i=1 j=1 (2)

which is determined by both the number N}, and the energy
u), of each type of pair. In contrast, the entropy of the system
with a certain type of particle distribution depends on the
number of microscopic states that belong to this distribution,
which is determined only by the set {N7}, so is the entropy S
= S({N%}). For two different distributions of systems A and B
specified by {N’} and {INJ'}, respectively, the differences in the
total interaction energy and the entropy between them are

o M I
AUP = U - U = 37 ) N (N] = NI X u]
a=1 i=1 j=1
(3)
AS =S -8 =S({N’}) — S(UNI") (4)

Assuming the internal and kinetic energies of particles are
independent of interparticle interactions, as in Meyer’s model,
the difference of the Helmholtz free energy between
distributions A and B at a temperature T is obtained as

AF = AU® — TAS = AUP* — TAS

=X Y (N - NI x i

a=1 i=1 j=1
- T(SUNZY) = S(INZ'})) (s)

In the canonical ensemble, the preferable distribution of the
system is determined by the sign of AF; if AF < 0, distribution
A is preferred and vice versa. As shown in eq 5, the distribution
is determined by the competition between the energy effect
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and the entropy effect. Although the exact form of the entropy
difference AS is difficult to obtain, it will be presented in
subsequent sections that significant information can be drawn
from eq S to give rather simple criteria expressed by potential
parameters to predict and control the particle distribution. In
this contribution, we focus on the energy effect and aim to
correlate the complex distribution transition phenomena in
multicomponent systems with explicit criteria.

Criteria of Distribution Transition under the Locality
Assumption. The interactions between macromolecules,
colloidal particles, and surfaces decay very fast when compared
to their sizes,"” which indicates that interactions between
nonnearby particles are usually negligible. Motivated by the
above fact, the locality assumption, which only considers the
interaction between closest particles and neglects the rest of
the interactions between particle pairs with spacings larger than
r, is made for simplicity, as in Meyer’s model.

Under the locality assumption, eq S is simplified as the
following form:

AF = AU — TAS = AU — TAS
(NY = N/")-uf — T(S({NY}) — S({NY'}))
1 j=1

M=

1
(6)
which is then applied to binary systems to derive the criteria
for the agglomeration process and also used in ternary systems
to investigate the adsorption and extraction processes.
Following the procedure in the regular solution theory,38 the
interdependent set {NJ} is reduced to a new set of
independent variables using geometrical constraints from the
lattice, and then the Helmholtz free energy differences between
two different distributions in binary and ternary systems can
be, respectively, expressed as

12
AF = — (u' + u* — Zufz)AT
— T(S({N}}) — S({N}'})) )
3 mn
N B e
m,n=1
m#n
- T(S(NT}) = S({N/"})) (8)

where ANT" = Ny" — N". Equations 7 and 8 are then
employed to calculate the free energy variations during the
three types of distribution transitions and derive the
corresponding criteria, which are listed in Table 1. It is
noteworthy that for the latter two criteria, an additional
assumption of a dilute dispersed system is made, which
assumes that no 1—1 type pairs exist and reduces the degree of

Table 1. Definition of the Determinants A} = F) — K, of
Distribution Transitions under Locality Assumption

number i phenomena energy factor F) entropy factor KY;
1 agglomeration wll + u? = 2ul? __TAs
ANJ2 /2
2 adsorption W+ oup — upt - ud _Tas
NO)
3 extraction w2 4 2uld — ud — 2ul? _TAS
an(®

freedom in the analysis. More detailed derivations can be
found in Supporting Information Sections 1.1-3.

As shown in Table 1, the scaled free energy variations during
the distribution transitions, which are defined as the
determinants of the transitions, A = F{ — K7, are decomposed
into two parts: the energy factors F) and the entropy factors
K?,. The energy factors are presented as linear combinations of
the interaction energies of different particle pairs, while the
entropy factors only depend on the distribution difference and
hence are constants for given distribution transitions. The signs
of the determinants A{ are used to determine the preferable
distributions. Hence, according to Table 1, the ways that
interparticle interactions affect the three types of distribution
transitions are obtained. Note that the derived agglomeration
energy factor for a binary mixture is consistent with the
interfacial tension or the interfacial energy formulation in the
previous studies,””*® while the latter two energy factors for
adsorption and extraction are strictly derived for the first time.
The mathematical forms are quite physically intuitive,
consistent with the operational thermodynamic considera-
tions*” but have a more solid statistical foundation with the
flexibility for further extension.

Criteria of Distribution Transition for Long-Range
Interactions. When investigating molecular systems, the long-
range interactions, such as the Coulomb forces, are not
negligible, so the locality assumption no longer holds. Without
the locality assumption, the free energy differences between
different distributions A and B in binary and ternary systems
are then expressed as

0 12
AF = Z ( — (uy +uy — Zu;Z)—AI;T" ]
a=1
— T(S({N2}) = S({NZ'})) 9)
00 3 ANmn
AF = Z Z [— (ug™ + uy" — 2u,") 2” }
a=1 mn=1
= T(S({Ng}) = S({N'})) (10)

where the interaction energy terms of particle pairs at different
spacings are coupled and determine the distribution together,
leading to complex expressions of the energy factors which
cannot be easily utilized to predict the distribution analytically.
To overcome this problem, a constraint on the form of the
interparticle potential u’(r) is imposed as compensation:

u(r) = Alw(r) + v(r) (11)

where A7 denotes the strength of the first potential term which
varies among different types of particle pairs, while functions
w(r) and v(r) are the same for all the particle pairs. The most
common potentials encountered in chemistry are in the above
form, such as the Coulomb potential and the Lennard-Jones
potential. Hence, this constraint will not significantly limit the
applicability of the theory. With interparticle interactions in the
above form, the free energy differences can be rewritten as

00 AN12
AF = — (A" + A% - 247%) Y (w(r,) 2“ ) — TAS

a=1

(12)
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Table 2. Definition of the Determinants A; = F; — K_; of Distribution Transitions with the Form of Interparticle Potential

Being u(r) = AMw(r) + v(r)

number i phenomena
1 agglomeration
2 adsorption
3 extraction

energy factor F, entropy factor K;

Al 4 A2 —gpl2 _ TAS
12
zﬁzl[wm,) 2 ]
AZZ +A13 _ AIZ — A23 _ TAS
o (w(r)AN,'2)
A2 4 2A13 A _ gpl2 _ TAS

AN,

z;:;l[w,,)

12
@
2

4 mm nn mn < ANU

AF = m;} (A" 4+ A™ = 24 )uz::lw(ru) 5

m>n (13)
where AS = S({N}) — S{NZ'}).

Following a similar statistical treatment in the previous
subsection, the results are obtained and are listed in Table 2.
For the agglomeration phenomena, the derivation is in the
same manner as the case under 1-locality assumption, while the
detailed derivations of the latter two can be found in
Supporting Information Section 1.4. The energy factors Fs
here share the isomorphic forms with the ones in Table 1,
which is the natural corollary by the constrained form of the
interparticle potentials. As we will see in the next section, this
formulation plays an important role in modeling and predicting
the behaviors of mDPD systems.

Short Overview of the mDPD System. The proposed
lattice model is further applied to mDPD systems. In this
section, a brief introduction to mDPD systems is given.

An mDPD system consists of N interacting particles, whose
positions and velocities are denoted by r; and v,, respectively,
evolving under the control of Newtown’s law of motion

dr, dv, E

i i T

mn

— TAS

Rl R
dt dt  m (14)

1

where m; is the mass of particle i. The total force acting on
particle i, F, is composed of external force F;* and the sum of
pairwise forces F;; owing to the interaction between particles i
and j, namely

X —_pex C D R
E=F"+ Y E=F"+ ) (F +F) +F))
i#f i#f (15)

where the superscripts in the pairwise force terms denote the
conservative force, dissipative force, and random force,
respectively

thc = Aij“’c(’}j)i}j + B(p_, + p_j)“{i(ri;);'i;'

EP = — ywp(r,) (v; X %),
R A
Fy = owg(1)¢ »

where 7; = r;/r; and v; = v; — v, The weight functions in the
expression of conservative force are determined according to
previous mDPD studies,#*"° we(ry) = (1= ry/r)H(r; = 1)
and wy(r;) = (1 = r;/rg) H(r;j — r4), which vanish when r >
and r > rq (H(x) is the Heaviside function), respectively, while
wp and wy satisfy wp = w? and wy = w.. The interparticle
conservative potential parameter A; < 0 governs the magnitude
of the attractive part which could differ for different types of
particle pairs, while B > 0 controlling the amplitude of the
repulsive part is necessary a constant for all particle pairs to

17024

ensure the mDPD system evolves as a Hamiltonian system.’’
The weighted density p; is defined as

_ 15 g
p= D wlp=2 —501 - ~)H(r; = 1)

j#i i 27 d (17)

which vanishes for r > r4. ¥ and ¢ are the amplitudes of the
dissipative and random forces. {;; is a Gaussian random noise
with (¢(1)) = 0 and (G,(DG(¢)) = (8,3, + 6,8,)8(t — ). Tn
addition, the fluctuation—dissipation relation ¢ = 2ykgT is
imposed on the random and dissipative coefficients to keep the
equilibrium distribution of the mDPD system the same as that
of a Hamiltonian system with conservative interactions F:
only,’” indicating the effectiveness of all the standard
thermodynamic relations including the entropy effects in
mDPD systems, which is the prerequisite for the application of
our lattice model.

Extended Lattice Model of mDPD Systems. In most
mDPD models constructed in previous studies, the average
number density n ranges from 5 to 10. According to eq 1, the
corresponding lattice constant a4 is in the range of 0.45 to 0.6.
Given that conventionally the cutoff distance r, is set to the
unit of length in mDPD studies,>” namely, r. = 1 = 2a, {r,}
and {c,} are thus determined as

n=—r, fh=— = —T

2 2

6, =12, ¢ =28 (18)
where the 3-locality assumption, in which only the interactions
between the first three closest pairs are considered, has been
adopted.

As mentioned before, the equilibrium distribution of the
mDPD system is the same as that of a Hamiltonian system
with conservative interactions F- only. Hence, for mDPD
particle pairs, the interactional energy could be obtained by
summing the attractive and repulsive contribution. For the
attractive part, the potential could be directly obtained by
integrating the attractive force against displacement

i) = [T =4, [T w©d (19)

For the repulsive interaction, the total many-body potential
is a sum of density-dependent one-body terms>'

_1 2
Up = B 2.7 (20)

Using the expression of the weighted density (eq 17), the
total repulsive potential could be written as the sum of
“pairwise” potential:

https://doi.org/10.1021/acs.langmuir.3c01579
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1 2
UR = EB Zi pi
1
= EBZ 2(/) +p) w,
i#j
=B Z (p +p )w
i>j
= 2 ul(r)
i>j (21)

Since the number density is uniform and homogeneous p; =
p in the lattice model, uf can be further expressed as follows:

ug(r) = Bpw,(r) (22)

Hence, the conservative interparticle interaction energy is:

" w(©)dC + B (r)
(23)

eq 23 shows that the mDPD interaction potential is in the
required form (eq 11) where:

W(r) = ul(r) + ug(r) = A,

i
A = A,

win) = [ (O

or) = Bpu(r) (21

Hence, all the results are presented in Section ILC is
applicable to mDPD systems. In particular, the three mDPD
coeflicient combinations, which, respectively, control the
distribution transitions of agglomeration, adsorption, and
extraction processes are acquired:

F=A,+Ay, - 24,
E=A,+A; - A, — Ay

B =Ay + 245 - Ay; — 24, (25)
In addition, the transition points could be further expressed
as:
TAS
Kc,l = -
I ()
_ TAS
T 3ANE | —142V3ANP | —3+443 AN
8 2 4 2 8 2
TAS
Kc,Z = 00 A 12
zazl (w(ra) Na )
_ TAS
T3 12, -142V2 12, —3+4/3 12
SANTT + —=FAN, T+ — AN
TAS
Kc,3 = -
T (v
_ TAS
T | e | aeanaw
8 2 4 2 8 2

(26)
Following the discussions in the Supporting Information, it
can be inferred that K., and K, are all negative constants,

while the sign of K_; is determined by the ratio NY/N®), The
above analyses provide important guidance for particle
distribution control in mDPD systems. In other words, the
occurrences of agglomeration, adsorption, and extraction
should be determined by the combination of coefficients,
which will be verified in the next section.

B RESULTS

In this section, three different mDPD systems corresponding
to the three types of distribution transition are discussed in
Sec. III are constructed using the mdpd package in
LAMMPS.” For each system, numerous simulations with
different sets of {A;} are conducted to examine the
relationships between partlcle distribution and interparticle
interactions predicted by the extended lattice model.

In all of the following simulations, the repulsive force
amplitudes B are set to 40. The dissipative force amplitudes y
between particles are set to 1, with the exception that in the
liquid—liquid interface case, y for the second liquid phases is
set to 50 to achieve a different viscosity.

Agglomeration. A binary mDPD system composed of 600
type-1 particles as dispersed phase and 7200 type-2 particles as
continuous phase was constructed, with the simulation box of
size 23.6 X 2.0 X 23.6 in reduced units. The total particle
density is about 7, satisfying the approximation condition r. =
2a. Periodic boundary conditions are applied in three
dimensions. In the initial state, all type-1 particles were
uniformly dispersed in phase 2 as shown in Figure 1. Then, the
system evolved to the equilibrium state.

without agglomeration and (b)

Figure 1. Particle distribution: (a)
with agglomeration.

The degree of agglomeratlon is quantified in a similar way as
in previous work,>* dividing the simulation box into 10 X 1 X
10 blocks and calculating the relative standard deviation D of
the number density of type-1 particles in each block

Zf\:l (ni/nave - 1)2
M-1 (27)

D=

where M is the number of blocks, n; is the number density of
type-1 particles in block i, and n,, is the average number
density of type-1 particles. Then, simulations were conducted
for 104 different models, where F, ranges from —30 to 30 with
an interval of S.

In Figure 2, it is indicated that the transition of the particle
distribution from significant agglomeration to uniform
dispersion happens as F; increases, which is consistent with
the predictions of our model. The transition point K, is in the
interval [—10,0] and therefore negative, as estimated before. It
is also observed that when the signs of the energetic and

https://doi.org/10.1021/acs.langmuir.3c01579
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Figure 2. Degree of agglomeration as a function of the agglomeration
factor F| = — 2A;, + A;; + Ay,. It is seen that when F; < — 10, the
relative standard deviation D of the number density of type-1 particles
is scattered in the high-level range of 1.5 to 2.3, while when F, > 0, D
decreases and converges to about 0.5. For the transition zone where
—10 < F, < 0, D is distributed over a wide range from 0.6 to 2.0.

entropic contributions are opposite, namely, in the agglomer-
ation state, the data points are more dispersed compared with
the dispersed state. This is caused by the unknown correlations
between the entropic contribution and the interparticle forces
that influence the extent of agglomeration extent. While in the
dispersed state, this entropic uncertainty is hidden by the
energy counterpart because both terms tend to separate the
particles uniformly in the continuous phases. As for the
transition zone, when F) is close to K, accurate predictions of
the distribution become impossible, for which there are several
possible reasons. First, the free energy difference AF between
different distributions in the transition zone could be
comparable to the thermal energy, and the distribution
becomes unstable due to the random particle motions. Besides,
the inaccuracy could also be caused by the errors introduced
from the lattice approximation in our model, and when the
energy difference is not great enough to make the entropic and
energetic errors negligible, the prediction loses its accuracy.

Adsorption on Solid Surfaces. In the extended lattice
model, the adsorption of particles at the liquid—liquid interface
and on the solid surface is considered to be the same process
from the perspective of the Helmholtz free energy. However, in
the real situation, the adsorption of particles at the liquid—
liquid interface may also induce an extraction process, which
would hinder the quantification of the adsorption extent.
Therefore, in this section, only adsorption on the solid surface
is considered to investigate the adsorption process independ-
ently, and adsorption at the liquid—liquid interface will be
discussed together with extraction in the next section.

Here, a ternary mDPD system composed of 600 type-1
particles as the dispersed phase, 6400 type-2 particles as the
liquid phase, and 7056 type-3 particles as the solid phase, with
the simulation box of size 33.0 X 2.0 X 33.0 in reduced units,
was constructed. Like the setup in Section VLA, the
approximation condition is fulfilled, and the periodic boundary
conditions are applied. After equilibrium, all solid particles
were simultaneously attached to their respective sites by spring
forces at a given moment, and an additional linear repulsive

force field was applied to all nonsolid particles entering the
solid region, as in the literature.”” Initially, all type-1 particles
were uniformly dispersed in phase 2 as shown in Figure 3.
Then, the system was allowed to evolve to the equilibrium
state.

Figure 3. Particle distribution: (a) without adsorption on the solid
surface and (b) with adsorption on the solid surface.

All of the type-1 particles with a distance less than r, from
the solid surface were regarded as being adsorbed. And the
proportion of type-1 particles adsorbed on the solid surface X
was used to quantify the degree of adsorption

NS
- N (28)

where N° is the number of type-1 particles adsorbed on the
solid surface and N is the total number of type-1 particles.
The degrees of adsorption X in 112 models with F, ranging
from —100 to 30, satisfying F;, > 0 to avoid agglomeration in
phase 2, were calculated.

From Figure 4, it is shown that as F, increases from —100 to
30, the particle distribution varies from the state with
significant adsorption on the solid surface to the state without
considerable adsorption, which agrees with our theory. As
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Figure 4. Degree of adsorption on the solid surface as a function of
the adsorption factor F, = Ay, + Aj3 — A}, — A,3. It is seen that when
F, < —40, the degree of adsorption is diffusely distributed at a high
level with an overall monotonically decreasing relationship to F,,
while when F, > 0, X is sharply reduced and approaches 0. In the
transition zone between —40 and 0, X fluctuates in a wide range from
0.013 to 0.69.
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predicted before, transition point K, within the interval [—40,
0] is negative. Similar to the discussion made in the
agglomeration case, here whether the energy and the entropy
part are contributing to the free energy difference in the same
direction or not induces the different degrees of dispersion of
the data points between the two states. Besides, in our analysis,
the dilute dispersion condition is employed, and it is assumed
that no neighboring type-1 particles exist. However, Figure 3b
shows that on the solid surfaces, type-1 particles aggregate and
stack with each other, which does not satisfy our assumptions
and may be another reason other than the entropic uncertainty
for the inaccurate prediction within the transition zone.
Generally, the above results demonstrate the validity of our
theory in controlling the particle adsorption on solid surfaces,
indicating that the additional force fields introduced to
construct the solid model did not influence the thermody-
namics of the adsorption processes. In the next section, the
adsorption process at the liquid—liquid interfaces will be
investigated.

Extraction and Adsorption at Liquid—Liquid Inter-
faces. In contrast to the solid—liquid interface in Section IV.B,
here, a ternary mDPD system with a liquid—liquid interface
was constructed, consisting of 600 type-1 particles as the
dispersed phase, 6401 type-2 particles, and 6399 type-3
particles as two immiscible liquid phases. The simulation box
was of size 33.8 X 2.0 X 33.8 in reduced units, and periodic
boundary conditions are applied in three dimensions. In this
section, the system was successively employed to investigate
the extraction and adsorption processes.

To be specific, simulations on 130 different models with F, >
0 and F; ranging from —S5S to 45 were first conducted to reveal
the relation between the degree of extraction and F;. Then, 85
models with F, ranging from —40 to 50 and F; > 0, F; > 10 to
prevent agglomeration and extraction were constructed to
investigate the adsorption at the liquid—liquid interface. As in
Section IV.B, all type-1 particles in the initial state were
uniformly dispersed in phase 2 as shown in Figure Sa, after
which the system evolved to the equilibrium state.

Figure S. Particle distribution: (a) without extraction and (b) with
extraction.

The degree of adsorption at the liquid—liquid interface is
quantified in the same way as in the last section, by calculating
the proportion of type-1 particles with a distance less than r,
from the liquid—liquid interface:

NL
-~ NO (29)

where N" is the number of type-1 particles adsorbed at the
liquid—liquid interface and N* is the total number of type-1

particles. To quantify the degree of extraction, the proportion
of type-1 particles immersed in phase 3 is calculated as:

NE
- N® (30)
where N* is the number of type-1 particles extracted into phase
3.

The pattern presented in Figure 6 is similar to those in the
previous section, which indicates the phase transfer of type-1

I

-20 10

10|

0.8

04 -

02 =

0.0 - e ¥y YV VYV WY _

Figure 6. Degree of extraction as a function of the extraction factor F;
= Ay, + 2A;3 — Az; — 2A),. Tt is seen that I stays at a high level when
F; < =20 and converges to 0 when F; > 10, while sharply decreasing
with Fj in the interval [—20,10].

particles from phase 2 to phase 3 as F; decreases, as expected
based on our model. Due to the close volume of phases 2 and
3, the sign of K, is indeterminate, which is compatible with our

theory (Figure 7).

Figure 7. Particle distribution: (a) without adsorption at the liquid—
liquid interface and (b) with adsorption at the liquid—liquid interface.

It is indicated in Figure 8 that K. < 0, as predicted by our
theory. Whereas here only models with F, > —40 were
constructed and the distribution transition of the system was
not fully presented. This limitation is caused by the fact that
under the premise of no extraction, if we reduce F, to below
—40, A,; will be increased to greater than 10 due to the
coupling between F, and F;, resulting in a significant decrease
in the particle number density near the liquid—liquid interface
and contradicting the assumption of an approximately uniform
system density in our theoretical model. Hence, when
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Figure 8. Degree of adsorption at the liquid—liquid interface as a
function of the adsorption factor F, = Ay, + Aj3 — A, — Ay;. When F,
> 0, X < 0.2 and decreases to 0, in accordance with the pattern in the
solid surface adsorption, indicating no significant adsorption at the
liquid—liquid interface when F, > 0. When —40 < F, < 0, X is
scattered in a wide range from 0 to 0.39, consistent with the
distribution in the transition zone in Section IV.B.

investigating the adsorption at the liquid—liquid interface, the
range of F, is limited, in contrast to solid surface adsorption,
where no restriction of particle phase transfer is needed.

B CONCLUSIONS

In this work, we extended Meyer’s lattice model to describe
dispersed multiphase systems and proposed an approximate
formulation to estimate the Helmholtz free energy of the
system. For agglomeration, adsorption, and extraction
processes, the approximate free energy differences between
the initial distribution and the final distribution are obtained.
Based on the minimum free energy principle, the above free
energy differences are used to derive three determinants A; = F;
— K, for the prediction of the preferable distribution of the
system with given interparticle interaction potentials. The
energy factors F; describe the way interparticle potentials affect
the energy change during distribution transitions, while the
entropy factors K ; are determined only by distribution
changes, hence constant for given transitions. When A; > 0,
which means the system with the final distribution has lower
free energy, the distribution transition is predicted to take
place and vice versa. To verify the above predictions for the
three kinds of distribution transitions, a binary mDPD system,
a ternary mDPD system with a liquid—solid interface, and a
ternary mDPD system with a liquid—liquid interface were
constructed to simulate the equilibrium distributions under
different interaction settings. The simulation results showed
notable monotonic dependence of the dispersed phase
distributions on the three energy factors F; and hence the
determinants A; as predicted by the criteria. Although the
transition points K ; could not be derived beforehand, their
signs were predicted and verified by the simulation results. The
good agreement between the theoretical predictions and the
mDPD simulation results shows the great potential of our
model for applications in the dispersed multiphase systems.
Compared to previous lattice models, which are restricted to
binary isotropic mixtures, our model breaks the limit and can

be applied to multicomponent anisotropic mixtures with
interfaces considered. All the previous theories, including
Meyer’s model, Flory—Huggins theory, and the discussion
made by Israelachvili, are based on the locality assumption,
which ignores all the long-range interactions. In contrast, our
model also considers cases in which long-range interactions are
not negligible and proposes the corresponding analytical
criteria based on a reasonable constraint on the form of the
potential. However, like all of the previous lattice models, the
quasi-uniform number density assumption is still needed, so
the validity can only be guaranteed when applied to systems
with small number density gradients like liquid mixtures.
Besides, for the criteria of adsorption and extraction processes,
the derivations are also based on the dilute dispersion
assumption for simplicity. If condensed dispersion is
considered, our lattice model and the general free energy
difference formulation can still be employed but are expected
to derive different and more complicated forms of criteria,
which incorporate the interactions between particles of the
dispersed phase.

In general, our model provides a novel and promising way to
theoretically investigate dispersed multiphase systems with
quasi-uniform number densities. The correlations between the
distribution of the dispersed phase and the microscopic
interparticle interactions are clarified, which have a wide
range of applications in colloidal and interface science, like
innovative nanoparticle synthesis, colloids characterization, and
parameter control in particle-based simulations. More
extensions can be made to our model, such as introducing
voids into the lattice model to characterize systems with non-
negligible number density variance, expressing the entropy
factors with system parameters explicitly, and deriving criteria
for more complicated distribution transition processes.
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